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Abstract. We describe a fast algorithm for computing discrete Hankel transforms of moderate
orders from n nonuniform points to m nonuniform frequencies in O((m+n)log min(n,m)) operations.
Our approach combines local and asymptotic Bessel function expansions with nonuniform fast Fourier
transforms. The order of each expansion is adjusted automatically according to error analysis to
obtain any desired precision €. Several numerical examples are provided which demonstrate the
speed and accuracy of the algorithm in multiple regimes and applications.
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1. Introduction. The fast Fourier transform (FFT) has revolutionized a wide
range of applications across mathematics, statistics, and the physical sciences by
enabling signal processing and Fourier analysis tasks to be performed using a compu-
tational cost which scales quasi-linearly with the number of data points n. However,
the FFT requires that the input signal be sampled at equispaced points in time and
that the desired output frequencies are equispaced on the integers. These assumptions
are frequently not met in applications such as adaptive numerical partial differential
equation (PDE) solvers [3, 21, 4, 32], magnetic resonance imaging [17, 8, 10], and
various signal processing tasks [1, 43]. To overcome this setback, nonuniform FFT
(NUFFT) algorithms have been developed [14, 16] which achieve near-FFT speeds in
one dimension, assuming that the distribution of time samples and frequency outputs
is not pathological. In higher dimensions, NUFFTs are less competitive with standard
FFTs, but the computational task at hand is also significantly harder.

The FFT and NUFFT grew out of a need to perform Fourier transforms in Carte-
sian coordinates. However, depending on the particular problem, the relevant con-
tinuous Fourier analysis might be better suited to other coordinate systems. One
such commonly encountered situation is computing the Fourier transform of radially
symmetric functions in dimensions d > 2. For example, in two dimensions the Fourier
transform of a function f is given by

1 .
(1.1) g(wi,wy) = o] // flay,x2) e~ i(wiz1twazs) dxy dzs.
Rz
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Transforming to polar coordinates (wq,ws) — (w, @) and (x1,x2) — (r,0) the above
expression becomes

12 o (cos  cos B sin cvsi
g(w7 0[) _ 477(-2 /0 ‘/O f(’f', 0) e—zwr(cosacos@-{-bmabm 0) rdrdf

(1.2) g

2w poo
=1 / F(r,0) e reose=0)p qp dp.
™ Jo Jo

Furthermore, if f is radially symmetric, i.e. f(r,0) = f(r), then the above transform
can be written as

1 o) 2m )
- —iwr cos(a—0)
g(w) e /0 f(r)r /0 e do dr

(13) s
=5 /0 f(r) Jo(wr)rdr,

where we have used the integral representation of the zeroth-order Bessel function
[34]

(1.4) Jo(z) = 1 /077 cos (z cos @) d.

™

The final integral involving Jy in equation (1.3) is known as a Hankel transform of
order O—usually referred to simply as a Hankel transform.

In higher ambient dimensions, the Fourier transform of radially symmetric func-
tions reduces to a Hankel transform of higher order. Similarly, if the function f in
(1.2) has a particular periodic dependence in 6 so that f(r,0) = f(r)e’? with v € Z,
then we have

1 00 27 ) )
g(w) — p/ f(’l") T/ e—zwrcos(a—&) 611/9 dé dr
™ Jo 0

(15) o
=— / fyrJ,(wr)dr,

2m Jq
where, again, we have invoked an integral representation for J, [34].

In order to numerically compute g in (1.3) or (1.5) at a collection of m “frequen-
cies” wj, the Hankel transform must be discretized using an appropriate quadrature
rule with nodes r and weights wy which depend on the particular class of f for which
the integral is desired. In general this results in the need for computing

g(w;) = g; = Zwk fre)ri Ju(wjry)
k=1

(16) -
:chJl,(wjrk) forj=1,...,m.
k=1

The above sum will be referred to as the discrete Hankel ransform (DHT) of order v.

In our motivating example—computing the continuous Fourier transform—the
DHT arises from the discretization of the radially symmetric Fourier integral. The
DHT also appears in a wide range of applications including imaging [19, 49, 30],
statistics [28, 15], and separation of variables methods in PDEs [7, 2, 50]. In many
such applications, a fully nonuniform DHT is desired, as the relevant frequencies w;
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may not be equispaced, and the most efficient quadrature rule for discretizing (1.3)
may have nodes 7 which are also not equispaced.

The algorithm of this work allows for arbitrary selection of the frequencies w;
and nodes 71y, in contrast to other algorithms which require some structure to their
location (e.g., equispaced or exponentially distributed). There are a few types of
commonly encountered DHTs, all of which our algorithm can address. Schlomilch
expansions [26, 44] take frequencies w; = jm. Fourier-Bessel expansions—often used
in separation of variables calculations for PDEs—take frequencies w; =&, ;, where &, ;
denotes the jth root of .J,,. In the most restrictive cases [23], one fixes both w; =¢&, ;

and 7, =&k /Eu kit

Existing methods. A number of methods exist in the literature to evaluate
(1.3) and (1.6). These include series expansion methods [29, 11, 12], convolutional
approaches [41, 22, 31, 27], and projection-slice or Abel transform-based methods
[36, 18, 24]. See [13] for a review of many of these early computational approaches.
Unfortunately, these existing methods are either not applicable to the discrete case,
require a particular choice of w; or 7, due to the constraints of interpolation or
quadrature subroutines, or suffer from low accuracy as a result of intermediate ap-
proximations. Therefore, extending these schemes to compute the fully nonuniform
DHT with controllable accuracy is not straightforward.

A notable contribution is [27], which describes a fully nonuniform fast Hankel
transform. This work takes the popular convolutional approach, using a change of
variables to reformulate the Hankel transform as a convolution with a kernel whose
Fourier transform is known. However, its accuracy is limited by the need for a quad-
rature rule on the nonuniform points r;. The authors use an irregular trapezoidal
rule for this purpose, which is not high-order accurate. This method also requires the
computation of the inverse NUFFT using conjugate gradients. For even moderately
clustered points or frequencies, this inverse problem is extremely ill-conditioned, and
thus the number of required iterations can be prohibitive. This method is there-
fore suitable for “quasi-equispaced” points and frequencies, but is not tractable in
general.

More recently, butterfly algorithms [35, 25, 37] were introduced as a broadly appli-
cable methodology for rapidly computing oscillatory transforms including the nonuni-
form DHT. However, these algorithms require a precomputation or factorization stage
for each new set of w; and 7. Such precomputations can, unfortunately, be a bottle-
neck for applications in which these evaluation points change with each iteration or
application of the transform. In addition, storing the butterfly factorization in mem-
ory can be prohibitive for very large transforms at high accuracies. In order to provide
a precomputation-free, low-memory DHT, [44] employs a combination of asymptotic
expansions and Bessel function identities evaluated using the equispaced FFT. The
resulting scheme is applicable to equispaced or perturbed “quasi-equispaced” grids in
space and frequency, for example, w; =& ; and 7, = &0,k /Eo,n+1-

Novelty of this work. We describe here a precomputation-free nonuniform fast
Hankel transform (NUFHT) which generalizes [44] to the fully nonuniform setting in
a number of ways. First, we employ an adaptive partitioning scheme which, for any
choice of w; and 7, subdivides the matrix with entries J, (w;rx) into blocks for which
matrix-vector products can be evaluated efficiently. Second, we use the NUFFT to
evaluate asymptotic expansions for nonuniform w; and 7. Finally, we utilize the low-
rank expansion of J,,, given in [48] in the local regime where asymptotic expansions
are not applicable. We derive error bounds for this low-rank expansion, allowing us
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F1G. 1. Bessel function Jo(z) and pointwise relative error in approximating Jo(z) using 31-
term local and 4-term asymptotic expansions. Dotted vertical line shows crossover point where both
expansions are accurate to € = 10712, Note: color appears only in the online article.

to choose all approximation parameters automatically by analysis which guarantees
that the resulting error is bounded by the user-specified tolerance .

Outline of the paper. The paper is organized as follows. In section 2 we give a
high level view of our algorithm, omitting technical details. Then in section 3 we study
the local and asymptotic expansions of Bessel functions which serve as the key building
blocks of the algorithm. Afterward, in section 4, we provide a detailed description of
the algorithm and its associated complexity. Various numerical examples are provided
in section 5, and we conclude with some additional discussion in section 6.

2. Overview of the algorithm. To more concisely describe our approach, we
write the DHT (1.6) as the equivalent matrix-vector product with A € R™*":

(2.1) g=Af,  A(j,k) = J,(w;m0).

The matrix A is in general full rank and possesses complex oscillatory structure. As a
result, no straightforward fast algorithm exists to apply the full matrix A to a vector.
However, we design an NUFHT by noting that certain blocks A(jo : j1,ko : k1) are
able to be applied to a vector rapidly using analytical expansions of the underlying
Bessel function J,.

When the argument w;ry, is small, J,, is smooth and essentially nonoscillatory, and
we use a closed-form local expansion which approximates J, in terms of Chebyshev
polynomials, yielding a low-rank approximation to various matrix blocks that can
be applied to a vector in linear time. When the argument w;r;, is large, we use a
classical asymptotic expansion which expresses J, as a sum of a small number of
decaying sinusoids, and can therefore be applied to a vector in quasi-linear time using
the NUFFT. Figure 1 shows the oscillatory behavior of Jy, as well as the accuracy of
these local and asymptotic expansions.

By analyzing the error in these two expansions, we can choose a crossover point z
such that an L-term local expansion and an M-term asymptotic expansion are both
guaranteed to be accurate to the desired tolerance ¢ in the regions w;ry < z and
w;ry > z, respectively. Next, we adaptively subdivide A into disjoint blocks so that
either w;ry <z or wjr, > 2 for all w; and all r in each block. This leaves only a few
small blocks with w;ry ~ z whose entries can be directly computed, and which can
be directly applied. Figure 2 shows a Hankel transform matrix A divided into local
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Fic. 2. Splitting of Hankel transform matriz A along the curve wr = z into local and asymptotic
regions. Adaptive subdivision of A into corresponding local (red), asymptotic (blue), and mized (gray)
subblocks at various levels. Note: color appears only in the online article.

and asymptotic entries along the curve wr = z, as well as the corresponding adaptive
subdivision of the matrix into blocks which can be rapidly applied. Following the
subdivision step, all that remains is to apply each of the disjoint blocks of A to f
using the corresponding fast method.

3. Bessel function approximations. We now describe local and asymptotic
expansions of the Bessel function J, (wr), and provide error analysis by which one can
select the number of terms needed in each expansion to assure € accuracy in both
regimes.

3.1. The Wimp expansion. Near the origin, J, is a smooth and essentially
nonoscillatory function. As a result, J,(wr) is a numerically low-rank function of all
sufficiently small inputs w and r. Fortuitously, one such low-rank expansion—which
we refer to as the Wimp expansion — is available in closed form for integer v [48]. In
the case that v is even, we have

To(wr) =" Co(w) Tas(r),
=0

(3.1) Cg(W)Z(Sg J%_;,_g(w) J%_g(w),

1 =
52:{, (=0,

2, otherwise
for all |r| < 1, where Ty, is the Chebyshev polynomial of the first kind of order 2¢.
A similar expansion exists for v odd [48, 2.23].

In order to employ the Wimp expansion to compute local terms within the Han-
kel transform, we must determine the number of terms L needed to construct an
g-accurate approximation to J,(wr) on a given rectangle (w,r) € [0,9] x [0,R]. The
following lemma provides a bound on the induced truncation error in the Wimp ex-
pansion as a function of the order v, the space-frequency product 2R, and the number
of retained terms L.

LEMMA 3.1. Truncating the Wimp expansion after L terms gives

L-1 v —_
(3:2) | Jolwr) = 3 ColwR)Toe ()| < 2exP {5(31 _Z)BLL('B ) precian)
£=0
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for all w €[0,9],r €0, R], where

(3.3) W(p) :=logp+ /1 —p? — log (lJr\/l—pZ),

QR
(34) 5:1/}(2“”),
QR v
(35) ,y:: {¢(2L—y>7 L>§7
0, otherwise.

Proof. For v even, the truncation error after L terms is bounded by

ch R T (%) <2Z Tyse (“R)‘ ‘J_g (”f’)‘

Define py(w) :=wR/(v + 2¢). Then by Siegel’s bound [34, 10.14.5] we have

(3.6)

(3.7) ’J+z (w;i)‘ =|Jy4e ((g +€) Pe(w))‘
(3.8) <exp{(5+0) v (pelw))}
(3.9) <exp{(5+¢) 8},

where the last inequality follows from the fact that v is an increasing function on
(0,1), and thus ¥ (pe(w)) < B <0 for all £> L+ 1 and all w € [0,9)].
If L > %, we define go(w) :=wR/(2¢{ —v) and apply Siegel’s bound again to obtain

o (4| s (e 5wt <o (- 5)).

Siegel’s bound does not apply and we use instead the simple bound

(3.10)

If L <3,
|J%,g(%>| <1, which is equivalent to taking v=0.
All that remains is to apply a geometric series argument

(3.11) T Zc,g wRng( ) <22€xp{<g+€)ﬂ+(€fg>fy}
(3.12) zgexp{g(ﬂ,v)}z(eﬁﬂ)e
=L
2exp5(B—7)+L(B+~
(3.13) _ {5 lfe)ﬁJF’Y B+
A similar calculation can be carried out for v odd. 0

Lemma 3.1 is rather opaque regarding the impact of the various parameters on
the error because we have not utilized any simplifying bounds on the function ¢, as
done in [40, Lemma 1] for large v. However, our analysis takes into account the decay
in both Jx ¢ and Jx g, thus remaining relatively tight for small v. It is therefore well
suited to our purposes because, given z,L > 0, it provides a bound BLOC( ) on the
pointwise error in approximating any block of the matrix J, (w;ry) for which wr < 2
using the L-term Wimp expansion.
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This expansion is highly beneficial from a computational perspective, as it yields
an analytical rank-L approximation to any block of A for which w;ry is sufliciently
small,

(3.14) A(jo:j1,ko: k1) ~CT",

where C € RU1=do+D*L anq T e RF1—ko+1)XL with entries

, Tk
(3.15) C(j,0) =Co—1(wjrk,) and T(k,0)=To—o (Tk ) ,
1
where we have scaled w; and rj, by the largest distance 7, to ensure that the argument
of the Chebyshev polynomial is at most one. For a block of A of size m; X ny, the
low-rank approximation given by the Wimp expansion can be applied to a vector in
O(L(my +nyp)) time by first applying T'" then applying C.

2. Hankel’s expansion. Away from the origin, .J,, exhibits essentially sinu-
soidal oscillation with period 27. This statement is made precise by Hankel’s asymp-
totic expansion, which states that for argument wr — oo,

(3.16)

JV(WT)N\/E<COS wr + ¢) iuﬁé()_sm wr+¢§;wf22l;;11()>7
where ¢ := —W and
(3.17) () = (4% —1)(4v? = 3)--- (42 — (20 — 1)2).

08t

Rearranging this expansion, we obtain an expansion which can be evaluated using
two NUFFTs and diagonal scalings, and whose remainder is bounded by the size of
the first neglected terms [45, section 7.3],

(wr) 1)%as(v )Re ellwr+o) _(*1)£aze+1(V)Im elwrto)
w2+ 20+ w2t+3 r20+3
[2 (laone @) | laoneei (W) | pasy
< W(ZQJW—&-é + S2M+3 =B (2)

for all wr > z.
The computational advantage of this expansion is that the 2M-term asymptotic
expansion of any block of A can be rapidly applied to a vector ¢ using 2M NUFFTs,

(3.18)

M-—1
0] : ~ g ¢ —20-1 i —20—1
(3.19) A<Jo-917ko.k1>c~ﬁ %(—1) [a%(u)ow Re (¢*“FD; * *c)

_op_3 ) _o9p_3
— a2g+1(U)Dw2Z 2Tm (ewFDT 2 2c)

)

where F € ClU1—jot1)x(ki—ko+1) jg the nonuniform discrete Fourier transform matrix
with entries Fjj 1= e*Uoti-DTkot+k-1 and the diagonal scaling matrices are given
by D, := diag(wjq,,-..,wj, ), and D, := diag(rk,,..., T, ). For general nonuniform w;
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and 7, the NUFFTSs required are of type-IIl, i.e., “nonuniform to nonuniform.” If
either of {w;}7"; or {ry};_, are equispaced, then a type-I “nonuniform to uniform” or
type-II “uniform to nonuniform” transform can be used, respectively, resulting in an
improved prefactor in runtime cost. See [14, 5] for a description of NUFFT transform

types.

3.3. Determining order of expansions and crossover point. With these
error bounds in hand, we precompute the parameters zlj,wE and Lya for tolerances
e=10"%,...,107%, orders v =1,...,100, and number of asymptotic expansion terms
M=1,...,20:

e 2} such that M-term Hankel expansion of J, (wr) is e-accurate V wr > z,ﬂ\’/fe,
. LLJXIE such that Lye—term Wimp expansion of J, (wr) is e-accurate V wr < zf,”e

First, the crossover points zl],w6 are computed using Newton’s method on the func-
tion ((z) := B)37(2) —e. Then the number of local expansion terms Lﬂ/fs are taken
to be the smallest integer such that BIE)OLC (z%) < &. These tables are precomputed
once when the library is installed, and even this precomputation requires only a few
seconds on a laptop.

With these tables stored, for any order v we can look up a pair of complementary
local and asymptotic expansions with error everywhere bounded by the requested
tolerance . The only remaining free parameter is the number of asymptotic terms M.
This parameter is selected based on various numerical experiments which maximize
speed by balancing the cost of the local, asymptotic, and direct evaluations. In our

implementation, we use the heuristic

(3.20) M,,. = min Ql + % - log{f(g)J ,20) .

4. The NUFHT. We now describe our NUFHT algorithm in detail, emphasiz-
ing the process by which A is adaptively subdivided into blocks using the results of
the above error analysis.

4.1. Subdividing the matrix into blocks by expansion. Having established
error bounds which allow us to automatically precompute the number of asymptotic
terms M, local terms L, and crossover point z given a tolerance € and order v, we now
turn to the problem of computing the Hankel transform for a new set of frequencies
{w; };":1 and points {ri}7_,. We begin by subdividing the corresponding transform
matrix A into three sets of blocks, each of which can be efficiently applied to a vector
as described above:

e Local blocks . = {A(]o Ijl,ko : kl) ‘ W;Tk S zV jo S] Sjl, k‘o S k S k‘l}

e Asymptotic blocks & = {A(jo : j1, ko : k1) | wjre > 2V jo < j < j1, ko <
k<ki}.

e Direct blocks 2 which are small enough that no fast expansion is needed.

In order to determine a subdivision of A into blocks of these three types, we
initialize a set of mized blocks .# = {(1:m,1:n)}, each of which contains a mix of
local and asymptotic entries. We then chose an index pair (j,k) such that w;r ~ z.
This index subdivides the block into four new subblocks with (j, k) at the center, so
that the upper left block can be applied using the local expansion and is appended
to £, and the lower right block using the asymptotic expansion and is appended
to <.

The remaining lower left and upper right blocks each still contain a mix of local
and asymptotic entries. If they are of sufficiently small size my x n, with myn, <

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Algorithm 1. Block subdivision of Hankel transform matrix.

1 SUBDIVIDE({r) }1_, {wj} L}, 2, min size):

2 L=d=9=1

3 M ={1:m,1:n)}

4 | while .# # () do

5 Pop a submatrix A(jo : j1, ko : k1) from A4

6 (4, k) = SPLITINDICES({Tk}ZIZkO, {wj}glzjo,z)

7 Append A(jo : 4, ko : k) to L

8 Append A(j+1 : ji, k+1: k) to o

9 Append A(jo : 7, k+1: k1) to A if (j—jo+1)(k1—k) > min_size else
10 Append A(j+1: j1, ko : k) to A if (j1—7)(k1—k+1) > nin_size else Z
11 end

12 return (£, %, 9)

min_size—a user-defined parameter which is taken to be 1024 by default—they can
be evaluated directly and are appended to 2. Otherwise they are appended back to
A, and we continue the subdivision process recursively. See Algorithm 1.

This method yields a valid partition for any choice of (j, k), but for efficiency these
indices are chosen to maximize the number of matrix entries which can be applied
using a fast expansion, i.e., the sizes of the upper left and lower right blocks. This is
done by solving the following constrained optimization problem:

(4.1) (j, k) =SPLITINDICES(T1, ... ,Tn, W1, -+, W, Z)
argmax  (j — jo)(k1 — k) + (j1 — J)(k — ko)
JkEZ
(4.2) .= ¢ subject to jo <j <1,
ko <k <k,
w;TE < 2.

This problem can be solved exactly in O(j1 — jo + k1 — ko) time. However, computing
the exact optimal splitting indices for every box gives a negligible speedup to the over-
arching Hankel transform compared to a simpler, quasi-optimal scheme. In practice it
is sufficient to choose a small number of equispaced indices j € {jo,...,j1}, compute
the corresponding k = argmax{k | ry < é} for each j, and choose (j,k) as the pair
which minimizes the objective function of (4.2) among this small collection.

This block subdivision process must be carried out for each new set of inputs
({wj}7 1, {rx}i=1)- For repeated transforms on the same points and frequencies, the
block partition can be reused. In addition, even when the partition is recomputed for
every transform, the empirical and asymptotic costs are significantly lower than those
associated with applying blocks of the transform and, therefore, partitioning is never
a bottleneck in practice.

4.2. Complexity analysis. We now analyze the computational complexity of
the proposed approach. In order to do so, we must first comment on the complexity
of the NUFFT, which is an important subroutine in our method. Most analysis-
based NUFFT codes—including the FINUFFT library [5] which we use in our NUFHT
implementation—consist of three steps. First, delta masses centered at each nonuni-
form point are convolved with a spreading function which smears them onto a fine
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Algorithm 2. Nonuniform fast Hankel transform.

1t NUFHT (v, &, {ri } =1, {ck o1 {wj }iLe):

2 g — 0 6 CTTL

3 Choose M, . using (3.20)

4 Look up L}~ and z)% from precomputed tables

5 Set min_size

6 (g,ﬂ{,g) = SUBDIVIDE({’I%}Z:D {Wj}gnzh Z%,min,size)
7 for # € (£,o,2) do

8 fOI‘A(joijhkoikl)E% do

9 g(jo : 41) += A(Jo : j1, ko : k1) e(ko : k1) using expansion (3.14) for

£, (3.19) for &7, or direct evaluation for 2

10 end
11 end
12 return g

N-point uniform grid. Then, a standard equispaced FFT is computed on the fine
grid. Finally, a diagonal deconvolution with the Fourier transform of the spreading
function is applied to reverse the effect of the original smearing. For a more complete
description of this NUFFT method, see [14, 16, 5]. For n points r; and m frequencies
wj, spreading the input points to a finer grid is O(n), the FFT on the finer grid is
O(NlogN), and the global deconvolution at the output frequencies is O(m). For
the type-III NUFFT, the size N of the fine grid typically scales linearly with the
space-frequency product p := (wy, — w1)(rn — 1) [5, 16]. Therefore the total cost of
the NUFFT is O(n+ m+ plogp). Applying this fact in each asymptotic block in the
Hankel transform matrix, and adding the cost of applying local and direct blocks, we
can now analyze the complexity of the entire NUFHT method shown in Algorithm 2.

THEOREM 4.1. Take 0<wi; <...<wp, <Qand 0<r; <...<r, <R and define
the space-frequency product p:=QR. Then the complezity of computing the NUFHT
of order v to tolerance € using Algorithm 2 is

O ((L+ M)(m + n)logmin(n,m) + Mplogp),

where L and M are the number of local and asymptotic terms, respectively, chosen
according to v and €.

Proof. For notational clarity we suppress the dependence of z)Z on its parameters
and simply denote it as z. If wyry <z forall j=1,...,n and k=1,...,m then only
the L-term low-rank local expansion is used, which can be applied in O(L(m + n))
time. If instead w;r > 2 everywhere, then only the M-term asymptotic expansion
is used, which can be applied using the type-III NUFFT in O(M(m + n + plogp))
complexity.

Otherwise consider the case where A contains both local and asymptotic entries.
First, note that the number of levels Njeyve scales like O(logmin(n,m)). The cost of
determining the splitting indices (j, k) for each box A(jo : j1,ko : k1) is O(j1 — jo +
k1 — ko), and thus the total cost of subdivision at each level is O(m + n). Therefore
the total cost of subdividing A is O((m + n) logmin(n,m)).

Now, without loss of generality, assume wy < z/r, < ws and 1 < z/wy, < ro.
If this were not the case, we would have blocks which can be evaluated using a
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single expansion as described above without affecting the complexity. After step £ of
subdividing every mixed block, we obtain 2¢ new mixed blocks, 2¢~! new local blocks,

and 27! new asymptotic blocks. Let the local blocks be of size mgoc) X n(loc) for

b=1,...,2=". Then,

2Z—1 2/ 1
(4.3) > mgzc) <m  and Z neloc) <n.
b=1

An analogous fact holds for the asymptotic blocks.
Therefore, the total cost of local evaluation is

Nievel 2[71 Nievel
w3 T oe (ol o))=Y 0wt o
(=1 b=1

= (’) ( (m + n)logmin(n,m)).

Let p¢y, be the space-frequency product of box b at level £. The total space frequency
product p is the area of the rectangle R := [w1,wp] X [r1, 7], and all asymptotic boxes
occupy disjoint subrectangles of R. Therefore the sum of their areas is bounded by
the area of R, so that

0—1
Nieyer 2

YD pwn<p.

=1 b=1
Then by Holder’s inequality we obtain

-1 -1
Nievel 2 Nievel 2

(4.5) Z Zpe,blogpe,b < Z Zpg,b (I%%Xlogpw;) <plogp.

/(=1 b=1 (=1 b=1

The total cost of asymptotic evaluation via the type-III NUFFT is therefore

Niever 2°7
oo o b))
=1 b=1
(4.6) Nievel Niever 27
= Z O(M(m+mn)) Z Z (’)( <p€absy Ing(asy))>
(=1 (=1 b=1

= 0O (M(m+ n)logmin(n,m)+ Mplogp) .

We subdivide until all direct blocks are all of size my, x ny, with myn, = O(1). Thus the
cost of computing the dense matvec with each direct block is O(1), and the number
of direct blocks is O(m +n). Therefore the total direct evaluation cost is O(m + n).
Summing the cost of matrix subdivision, as well as local, asymptotic, and direct
evaluation gives the result. ]

In typical applications the maximum point r,, is fixed by, for example, the support
of the function f whose Fourier transform is desired, and the maximum frequency w,,
at which the transform is computed grows linearly with n. The following corollary
studies this common scenario, which includes Schlomilch expansions and Fourier—
Bessel series. For notational conciseness, we consider the number of terms L and M
in each expansion as constants here.
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COROLLARY 4.2. Take 0 < w1 < ...<wp and 0 < ry < ... <r, such that the
space-frequency product w,r, = O(n). Then the complezity of computing the NUFHT
using Algorithm 2 is O(nlogn).

Remark 4.3. If r1 > 0, the space-frequency product p = QR may be large while
the recentered space-frequency product p := Q(r, — r1) is small. One can then use
the Neumann addition formula [34, 10.23.2]

Jo(wiry) = Z Jy—e(wjr)Je(wjry — w;iry)

l=—00

so that the Hankel transform can be approximated by

m N m
(4.7) S endu(wirk)m Y Juop(wirn) Y erdy (wirk —11)).
k=1 {=—N k=1

Each inner sum above can be computed with an NUFHT of order ¢ with space-
frequency product p < p. The outer sum converges rapidly in N for N > p, and
thus the O(p?logp) cost of evaluating (4.7) may be smaller than the O(plogp) cost
of using Algorithm 2 directly. The same procedure can be used in w if wy > 0.

Remark 4.4. There exist butterfly factorization-based NUFFT methods that could
be used to remove the dependence on the space-frequency product p in Theorem 4.1
using linear algebraic approximations [37]. However, we find that the asymptotic
dependence on p is generally seen only in pathological cases, and thus choose to avoid
the precomputations and memory requirements associated with butterfly methods.

5. Numerical experiments. In the following section, we perform a number of
numerical experiments to validate the accuracy and complexity of our method. We
close with two applications from Fourier analysis and numerical PDEs.

5.1. Comparison to direct evaluation. We start by empirically verifying the
error analysis in sections 3.1 and 3.2, and the asymptotic scaling analysis in section 4.2
by comparing to direct evaluation of the Hankel transform.

5.1.1. Asymptotic scaling. In order to study the impact of each of the relevant
parameters in the scaling analysis of Theorem 4.1 independently, we take n equispaced
points 7y in the interval [0,v/105] and m equispaced frequencies wj in the interval
[0,p/v/105]. First, we fix m = 10® and p = 10° while increasing n. Then, we fix
n = 10% and p = 10°, this time increasing m. Finally, we fix both n = m = 103
while increasing p. Figure 3 shows the CPU time for the NUFHT as well as for
direct summation in each of these scenarios. We observe the linear or quasilinear
scaling expected from Theorem 4.1 with each of n,m, and p. Note in particular that
the NUFHT scales with p while direct summation does not. Therefore, if a DHT is
desired with relatively few points with a very large space-frequency product, direct
summation may give superior performance, although such circumstances are rare in
practice.

Next, we study the more typical scenario where the space-frequency product p
grows linearly with n, as discussed in Corollary 4.2. Here we study two cases. First,
we consider the Fourier-Bessel expansion, where w; =&, ; and 7, =&, /&, n41 With
n =m. This is the direct analogue of the discrete Fourier transform as the points and
frequencies are the scaled roots of the basis, and the resulting points and frequencies
are quasi-equispaced for small to moderate v.
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Fic. 3. Scaling with n, m, and p, respectively, with the other variables held constant. Note: color
appears only in the online article.
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FIG. 4. Scaling with n for p= O(n) test cases. In the first plot, we fir v =0, =10"8 and time
the NUFHT for both the Fourier—Bessel and exponentially distributed cases. In the second and third
plots, we consider the Fourier—Bessel series only, and fix one of the parameters v =0 and ¢ =108
while varying the other. The timings of direct summation and Fourier—Bessel series from the first
plot are repeated in the other two plots for reference. Note: color appears only in the online article.

We also consider the case of exponentially distributed points and frequencies
wj=r1;= 10'0810(7)~10810(")/2 with n = m. This is a somewhat pathological worst case
scenario for our algorithm, as the simple calculation

(5.1) e :argémax (Q—w) (R— 5)

shows that if we subdivide a block with space frequency product QR at a point (w,r)
which lies on the curve wr = z, then the largest possible space-frequency product
p for the resulting lower right asymptotic block is achieved by taking w to be the
midpoint of [z/R, 2] on a log scale. In other words, points and frequencies which are
exponentially distributed result in the highest possible space-frequency product p for
every asymptotic block at every level. From Theorem 4.1, maximizing p drives the
cost of the NUFHT. This distribution of points and frequencies is also challenging
because it leads to equally sized square blocks at every level, which guarantees that
all blocks are subdivided the maximum number of times before yielding sufficiently
small direct blocks.

Figure 4 shows the CPU time needed to evaluate the NUFHT in the Fourier—
Bessel and exponentially distributed cases with v = 0 and ¢ = 1078. Both cases
eventually demonstrate the expected O(nlogn) scaling. As a result of the challenges
just discussed for the exponentially distributed case, its runtime is up to an order of
magnitude slower than the Fourier—Bessel series.
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F1G. 5. Relative 2-norm error ||g — g||2/||gll2 as a function of tolerance € for an NUFHT of
order v =0 for various n. Note: color appears only in the online article.

5.1.2. Impact of the order and tolerance on runtime. As the order v
increases or the tolerance € decreases, the number of necessary terms L and M in
the local and asymptotic expansions, respectively, both grow. From Theorem 4.1,
we expect the runtime to grow linearly with L + M. Figure 4 shows the runtime
of our method for various € with ¥ = 0 held constant, as well as for multiple v’s
with ¢ = 107® fixed. The O(nlogn) scaling of the algorithm is similar in all cases,
while the prefactors vary; a transform with e = 10715 is about an order of magnitude
slower than using ¢ = 10~%, and an order v = 100 transform is almost two orders of
magnitude slower than the order v =0 equivalent.

5.1.3. Approximation error. Finally, we study the relative error in the output
g as a function of the desired tolerance . To do this, we fix n and form a sparse vector
f € R™ with 1000 nonzero entries whose indices are selected at random and whose
values are independent standard Gaussian. We evaluate the Fourier—Bessel series
using the NUFHT with the full vector f as input, and denote the output as §. We
then use direct summation on only the nonzero entries to generate a reference result g.
Figure 5 shows the 2-norm relative error ||g — §||2/||g|2 between the NUFHT and the
reference. For small transforms with n = 103, the relative error demonstrates excellent
agreement with the tolerance ¢ down to ¢ = 10™!* or so. This suggests that the
analysis used in section 3 to determine the necessary number of local and asymptotic
terms is fairly tight. For larger transforms, however, the error saturates and, regardless
of the tolerance €, our method gives at most 9 digits of accuracy for transforms of
size n = 107. This is a well-known limitation of existing NUFFT methods, for which
the error generally scales like n times machine precision [5, Remark 9].

5.2. Computing Fourier transforms of radial functions. For radial func-
tions f(r) = f(||r]|) in RY, one can integrate out the radial variables analytically,
reducing the d-dimensional Fourier integral to a single Hankel transform

4
2

(5.2) f(W) - /Rd f(||’r‘||)ei“’T"‘ dr = (22-31 /OOO f(’l“) J%—l(oﬂ")’f% dr.

w2

This situation is of particular relevance in spatial statistics and kernel learning prob-
lems (with the roles of r and w reversed) [20, 39, 47]. In this setting, one often con-
structs a positive definite function f to model correlations between data by specifying
a nonnegative integrable function f, and computing the integral (5.2) analytically or
numerically. See [42, 46] for a detailed exposition of Gaussian process models and
their spectral properties.
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We consider the isotropic “singular Matérn” model proposed in [38], which we
parameterize in two dimensions as

(5:3) F) == 0%+ ) 7 =27 fo(r):

The parameters p, v, and « control the length scale, smoothness, and degree of “long
memory” (i.e., slow decay in f), respectively. The bounds 0 < a <2 and v > -5
guarantee that f is integrable. This function f lacks a closed form Fourier transform
which can be simply and stably evaluated, making numerical quadrature a promising
approach, as illustrated in one dimension in [6]. In order to evaluate f for a large
set of {w;}7;—which in the statistical setting corresponds to kernel evaluation for
modern-scale datasets with many observations—a fast transform is imperative.

We take @« =1.4,p=0.01,» =2 in (5.3) so that we can consider f to be compactly
supported on [0,1] up to tolerance ¢ = 107%. We then compare two methods of
computing f . First, we use a Gauss—Jacobi quadrature rule on [0,1] with nodes ry
and weights wy. We utilize the NUFHT to compute the resulting sum,

1
fw)=2n / r® fo(r) Jolwr) dr
(5.4) "
~2m Y wy fo(rk) Jo(wr),

k=1

doubling the number of nodes m until the error in the computed integral is less than
€. Second, we build a two-dimensional quadrature rule in polar coordinates, using
the same m-point Gauss—Jacobi rule in r and a tgx-node trapezoidal rule in 6 on each
circle of radius r,. We double the number of trapezoidal nodes t; in each circle
until the error in the corresponding radial integral is less than €. We then utilize the
two-dimensional (2D) NUFFT to compute the resulting double sum:

2
R R o
7

(5.6) 4 —5 Zwk folre) Zexp {—zwrk cos (258) } )

k

For both methods, we use tolerance € = 10~® and evaluate the Fourier transform f at
m equispaced points w; € [0, Wmax]-

If only low frequencies w are desired, e.g., wmax = 64, the integrands are only
mildly oscillatory and few trapezoidal nodes are required. In combination with the
relative ease of amortizing costs in the NUFFT, the 2D transform is often faster than
the NUFHT. However, for larger wy,.x the integrands become more oscillatory, and in
two dimensions n = O(w?,,, ) nodes are needed to resolve these oscillations. Therefore
the O(n) spreading step in the NUFFT becomes prohibitively expensive. However, by
using radial symmetry to reduce to a one-dimensional integral, the NUFHT requires
only O(wmax) quadrature nodes, avoiding the curse of dimensionality. Figure 6 shows
an example quadrature and runtimes for both the NUFFT and NUFHT approaches.
Note that for wmax = 2'° the 2D NUFFT is orders of magnitude slower than the
NUFHT for most m, and for even larger wp,ax the quadratic scaling of the 2D NUFFT
with frequency makes the computation intractable on a laptop, while the NUFHT’s
linear scaling with frequency allows evaluation of the Fourier transform at significantly
higher frequencies at an only moderately increased cost.
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FiG. 6. Exzample 2D quadrature nodes for the NUFFT, with one-dimensional radial Gauss—
Legendre quadrature on [0,1] for the NUFHT emphasized. Runtime comparison between NUFHT
and 2D NUFFT for various choices of the mazimum frequency wWmaz and the number of evaluation
points n. Solid lines indicate the NUFHT, and the corresponding dashed lines indicate the 2D
NUFFT. Note: color appears only in the online article.

5.3. A Helmholtz solver using Fourier—Bessel expansions. Finally, we
demonstrate the application of the nonuniform Hankel transform to solving PDEs
on the disk using Fourier—Bessel expansions. Consider the following inhomogeneous
Helmholtz problem on the unit disk D:

(A + &Hu(r,0) = f(r,0) for r€[0,1), 6€l0,2m),

(5.7) u(1,0) =0 for 0 € [0,27).

Note that the functions 1, (r, 0) := Jo(&,;7)e'*? are the eigenfunctions of the Laplacian
on the unit disk with homogeneous Dirichlet boundary condition, so that

(5.8) A’l[)jg(?“, 9) = )\je’L/Jjg(T, 9),

where \jy = —&7 ; 19, 45]. Therefore, writing the forcing function f and solution u in
terms of their respective Fourier—Bessel expansions

(5.9)  f(r,0)= Z Zam Eam) e, u(r0)= > > B Ju(&e,m) e,

l=—o0 j=1 l=—o0 j=1

decouples (5.7) into a system of diagonal equations resulting in an explicit formula

for the coefficients §j:

(677
5.10 =
( ) 6]Z Aje + K2

Due to the orthogonality of the Bessel functions Jy, the Fourier—Bessel coefficients of
the forcing f can be computed as

2
(5.11) = / f 7,0) Jo(Ejr) e "0 rdr do,
0

Jos1 5@,3

and the Fourier—Bessel expansion of the solution u can then be written explicitly as

(5.12) Z ZMQ_]:,@ (Eegr) €.

l=—o0 j=1
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F1G. 7. Forcing f, solution u, and log magnitude of Fourier—Bessel erpansion coefficients o,
for (5.7) with k =25. Note: color appears only in the online article.

By diagonalizing the Laplacian, this Fourier—Bessel solver thus provides in the Dirich-
let disk setting a direct analogue of commonly used spectral methods on a periodic
rectangle which leverage bivariate Fourier expansions, and inherits many of the mer-
its of these spectral methods. First, if f and all its derivatives go to zero at r =1
and f is smooth in the interior of D, then |aj/| — 0 exponentially fast in both j
and ¢ [9]. In addition, solutions for arbitrary x can be evaluated without additional
computations involving f, assuming that 2 is not itself a Dirichlet eigenvalue of
the Laplacian on D. Therefore, solvers which use Fourier—Bessel expansions are well
suited to multifrequency problems.

To compute the Fourier—Bessel coefficients a;¢ of f using (5.11), we use an m-point
Gauss—Legendre rule in 7 and a t-point trapezoidal rule in 8. We iteratively double the
number of nodes in each rule until the relative norm difference in computed coefficients
between iterations is less than e (controlling the discretization error) and the relative
norm of the coefficients appended in the last iteration is less than ¢ (controlling the
truncation error). Computing all o at each iteration requires t NUFHTS of size m
and m FFTs of size t, resulting in O(tmlogm + mtlogt) total complexity. Figure 7
shows an example random forcing f, the magnitude of its Fourier—Bessel coefficients
aj¢, and the corresponding solution u to the Helmholtz equation (5.7) computed to
relative precision ¢ = 1079,

This approach does, however, have two main limitations. First is that the co-
efficients of f decrease only algebraically in j if f has nonzero derivatives at r = 1.
More precisely, if A?f(r)[,=1 =0 for all 0 < ¢ < p —1, then |aje| ~ j‘zp—é, with
exponential convergence only possible if A?f(r)|,—1 =0 for all integers ¢ [9]. This is
a fundamental property of the Fourier—Bessel expansion, and does not depend on the
numerical method used to evaluate the Hankel transform. The second limitation is
the increase in computational cost of our NUFHT with the order ¢, as demonstrated
in Figure 4. As o, decrease spectrally in £ for smooth functions f, very large £ are not
often needed. However, as in any spectral method, functions with sharp features or
discontinuous derivatives will yield only algebraic decay in ¢, requiring more Fourier
bases. In such cases the corresponding high order NUFHTSs become intractable using
the method described here.

6. Discussion. In this manuscript we have presented a fast algorithm for com-
puting DHTSs of moderate orders from n nonuniform points to m nonuniform fre-
quencies in O((m + n)logmin(n,m)) operations. The algorithm relies on a careful
space-frequency analysis of the Bessel function kernel, judicious use of small-argument
series expansions and large-argument asymptotic expansions, as well as a small number
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of direct calculations. The algorithm makes no assumptions on the distribution of
points in space and frequency—it applies to the fully nonuniform case—and can be
used for Hankel transforms of higher order with a modest increase in computational
cost. More importantly, the algorithm requires minimal precomputation, in contrast
to algorithms based on butterfly factorizations of the Hankel transform matrix. Signif-
icant speedups over the direct calculation have been demonstrated, as well as asymp-
totic scaling of the computational complexity. An implementation of the algorithm
of this paper is available as an open-source Julia package at github.com/pbeckman/
FastHankel Transform.jl.

In order to efficiently extend our algorithm to compute arbitrarily high-order Han-
kel transforms which are needed for higher-order Fourier-Bessel expansions and in,
e.g., high-dimensional statistical settings [28, 33], alternative expansions and asymp-
totics of J, need to be used or derived. This is the focus of ongoing research.
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